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A m e t h o d  is  d e s c r i b e d  f o r  i n t e g r a t i n g  on a M N - 7  a n a l o g  c o m p u t e r  
the energy equations relevant to a m o v i n g  m e d i u m  w i t h  h e a t  sources, 
for the two-dimenslonal adiabatic problem, allowing for compres- 
sibility. Jet temperature and velocity fields for accompanying flows 
in the combustion of methane, obtained by machine integration, are 
p r e s e n t e d .  

T h e  t e m p e r a t u r e  f i e l d s  o f  a b u r n i n g  j e t  a r e  d e t e r -  
m i n e d  b y  t h e  c o m p l e x  i n t e r a c t i o n  o f  h e a t  a n d  m a s s  
t r a n s f e r  p r o c e s s e s  i n  c o m p r e s s i b l e  t u r b u l e n t  j e t s  m 
t h e  p r e s e n c e  o f  i n t e r n a l  h e a t  s o u r c e s .  A t  t h e  p r e s e n t  
t i m e  w e  c s n n o t  o b t a i n  a n  e x a c t  a n a l y t i c a l  s o l u t i o n  o f  
t h e  s y s t e m  o f  e q u a t i o n s  d e s c r i b i n g  t h i s  p r o c e s s .  

A d e s c r i p t i o n  i s  g i v e n  i n  [ 1 ]  o f  a m e t h o d  o f  a p p r o x -  
i m a t e  i n t e g r a t i o n  o n  a n  a n a l o g  c o m p u t e r  o f  t h e  h e a t  
c o n d u c t i o n  e q u a t i o n  w i t h  i n t e r n a l  h e a t  s o u r c e s ,  t o  
d e t e r m i n e  t h e  t u r b u l e n t  f l a m e  p r o p a g a t i o n  v e l o c i t y  
i n  t h e  c o n d i t i o n s  o f  t h e  o n e - d i m e n s i o n a l  p r o b l e m .  

I n  t h a t  p a p e r  a n  a t t e m p t  w a s  m a d e  t o  d e t e r m i n e  
t h e  t e m p e r a t u r e  f i e l d  o f  t h e  f l a m e  f o r m e d  b y  a h o m o -  
g e n e o u s  f u e l - a i  r j e t  o f  f i n i t e  t h i c k n e s s  f l o w i n g  i n  a n  
i n f i n i t e  a c c o m p a n y i n g  s t r e a m  o f  f u r n a c e  g a s e s .  T h e  
p r o b l e m  h a s  b e e n  s o l v e d  f o r  t h e  c a s e  o f  a c o m p r e s -  
s i b l e  m e d i u m ,  u s i n g  t h e  a p p r o x i m a t i o n  h y p o t h e s i s  o f  
[ 2 ] .  

I t  w a s  s h o w n  b y  V u l i s  , [ 4 ]  t h a t  o n  t r a n s i t i o n  t o  t h e  
g e n e r a l i z e d  v a r i a b l e s  U = V p u ,  v = ] / p v ,  J = ~ p c p  A T  
t h e  e q u a t i o n s  o f  e n e r g y  o f  m o t i o n ,  d i f f u s i o n ,  a n d  c o n -  
t i n u i t y  f o r  c o m p r e s s i b l e  a n d  I n c o m p r e s s i b l e  m e d i a  
b e c o m e  i d e n t i c a l .  T h i s  c o n c l u s i o n  i s  a p p r o x i m a t e ,  
h o w e v e r ,  s i n c e  I n  t h e  t r a n s f o r m a t i o n  t h e  c o n t i n u i t y  
e q u a t i o n  i s  w r i t t e n  i n  t h e  f o r m  

V p  ~ + V ~ - ~  + U T +  ~ - o ,  ( i )  

a n d  f o r  t h e  c o n c e p t  o f  i d e n t i t y  w e  m u s t  t a k e  

a u  + o ~  = o .  ( 2 )  
a x  a g  

N u m e r o u s  e x p e r i m e n t a l  d a t a  o f  a n u m b e r  o f  a u t h o r s  
c o n f i r m  t h e  b a s i c  p o s i t i o n  o f  t h e  h y p o t h e s i s  t h a t  p u  2 = 
= i d e m  f o r  c o m p r e s s i b l e  a n d  i n c o m p r e s s i b l e  f l o w s ,  
a n d  t h e  v a l i d i t y  i s  t h e r e f o r e  c o n f i r m e d  o f  r e p l a c i n g  
( 1 )  b y  ( 2 )  f o r  t e c h n i c a l  c a l c u l a t i o n s .  H e n c e  a n  i m p o r -  
t a n t  c o n c l u s i o n  f o l l o w s  r e g a r d i n g  t h e  p o s s i b i l i t y  o f  
u s i n g  s o l u t i o n s  o b t a i n e d  i n  c o n d i t i o n s  o f  i n c o m p r e s -  
s i b i l i t y  f o r  p r o b l e m s  w h e r e  c o m p r e s s i b i l i t y  o f  t h e  
m e d i u m  i s  t a k e n  i n t o  a c c o u n t  i n  d e s c r i b i n g  t h e  p r o -  
c e s s e s  i n  t h e  g e n e r a l i z e d  v a r i a b l e s .  W e  g i v e  b e l o w  
a n  a p p r o x i m a t e  s y s t e m  o f  E q s .  ( 1 )  i n  g e n e r a l i z e d  c o -  
o r d i n a t e s ,  d e s c r i b i n g  c o m b u s t i o n  i n  m o v i n g  c o m p r e s -  
s i b l e  a n d  i n c o m p r e s s i b l e  s t r e a m s ,  w r i t t e n  i n  t e r m s  

o f  m e a n  v a l u e s ,  u s i n g  t h e  h y p o t h e s i s  t h a t  

a ( - - u ' v ' )  
o v  

o ( - - u ' J ' )  
O y  

[ 0 2 U  O ~ U  
= ~'~ k O y  ~ + - 3 k  - e - ]  " 

{ a ' J  a , , t  
= ~ ~ , - 3 - y  + ~ r - /  �9 

T h i s  s y s t e m  h a s  t h e  f o r m  

U O U  + V  O U  [ O W  - - t O W  \ 
- -  - - = e v ~ - - +  O x 2 . , /  O x  O y  O y  ~ 

( 3 )  

o u  o v  
--{- ~ - - -  = O ,  ( 4 )  a-~--  

( / y  

a d  o J  
u + v  - 

a x  o y  

[ a ~ j  a ~ j  
= ~ r  [ ~ + a x  ~ / + q W  ( C '  J ) ,  ( 5 )  

u o c  + v o c  _ 

O x  o v  

( . O ~ C  . 0 2 C  I ( 6 )  

where U = V p u ,  V = I/iV, J ~ Vpcp A T and C = V'p-A C. 
We will call this system (I). 

It is known that in the conditions of the adiabatic 

problem {i + chemical energy = const), system (I) 
may be replaced by the single Eq. (5), with the known 

functions U = U{x,y) and V = V(x,y), which are de- 

termined theoretically for incompressible media or 
are found on the basis of correlation of test data. We 

have assumed that the Vulis hypothesis is applicable 

to turbulent jets in the presence of heat sources, i.e., 
to flames. 

In solving the energy Eq. (5) in order to find the 

quantity J, we made use of the scheme of the asymp- 
totic boundary layer 

% = k b  r ( U m ~ x  - -  U m ~ . ) ,  

a n d  t h e  P r a n d t l  n u m b e r  w a s  t a k e n  e q u a l  t o  0 . 7 5 ,  i . e . ,  

a = ~ v l e  r = 0 . 7 5 .  

T h e  e n e r g y  e q u a t i o  n i s  a n o n l i n e a r  s e c o n d - o r d e r  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  e l l i p t i c  t y p e  w i t h  t w o  
i n d e p e n d e n t  v a r i a b l e s .  T h e  c o e f f i c i e n t s  U a n d  V a r e  
f u n c t i o n s  o f  x a n d  y .  T h e  e q u a t i o n  h a s  a l s o  t h e  n o n -  
l i n e a r  t e r m  q W ( J ) .  

T h e  M N - 7  a n a l o g  c o m p u t e r  d o e s  n o t  p e r m i t  s i m u -  
l a t i o n  o f  a n  e q u a t i o n  o f  t h i s  t y p e ,  a n d  w e  t h e r e f o r e  
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had to u se  an a r t i f i c i a l  method  of so lu t ion .  The m o s t  
t enab le  in th is  c a s e  i s  the  method  of l ines  [3], which 
a l lows  us  to r e d u c e  the n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  
equat ion  to a s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  equa-  
t ions  in which the  d e s i r e d  quant i ty  J i s  a funct ion of 
only one independent  v a r i a b l e  y,  whi le  the  coe f f i c i en t s  
Uj, Vj of the s y s t e m  a r e  a l so  funct ions  of y fo r  each  
f ixed  va lue  of the c o o r d i n a t e  x. The n u m b e r  of o r d i n a r y  
d i f f e r e n t i a l  equat ions  in the  s y s t e m  depends  on the 
s tep ,  i . e . ,  the  chosen  d e g r e e  of a c c u r a c y  of the s o -  
lut ion.  Thus ,  i n t eg ra t i on  of the  o r i g i n a l  e n e r g y  equa-  
t ion i s  r e d u c e d  to i n t eg ra t i on  of a s y s t e m  of d i f f e r -  
en t i a l  equa t ions ,  which we wil l  ca l l  s y s t e m  (II): 

U1 J ~ - - J i n  d J1 = 
A ~  + V~ dy 

d~dl din--2J1 + J~ 
=~r~ ( - - ~ j +  Ah 2 )+qW(Ja), 

U~ J~ --  J1 ~- V~ dJo. _ 

Ah dy 

( d~J~ J, - -Ah  ~2J~ + J3) + qW (J~), 

~ �9 ~ ~ . �9 ~ . o o o �9 �9 . . . . �9 ~ ~ . . . . .  

Ji --  Ji-~ dJi 
v~ A h ~- V~ -d~ = 

( d2Ji Ji-t -- 2Ji + Ji+x 1 
=er i  l ~ " }  Ah ~ ] +qW (Ji)' 

] = 1, 2, 3, 4 . . . . .  n 

with the b o u n d a r y  cond i t ions  

J = Jin when 

j~ = j0 when 

j~ = j0 when 

J i = jo when 

The s e t  of so lu t ions  
c o m p r i s e s  the  so lu t ion  
t ion.  

The ana log  c o m p u t e r  does  not  p e r m i t  us  to f ind 
the  so lu t ion  of the  s y s t e m  of equat ions  (II) in the  
g e n e r a l  f o r m ,  bu t  i t  does  a l low us  to f ind the t e m -  
p e r a t u r e  d i s t r i b u t i o n  in a t w o - d i m e n s i o n a l  s p a c e  
with spec i f i c  va lue s  of the  s y s t e m  coe f f i c i en t s  and 
b o u n d a r y  cond i t ions .  

R e s u l t s  a r e  g iven be low of the  i n t e g r a t i o n  of s y s -  
t e m  (II) in o r d e r  to d e t e r m i n e  the conf igu ra t ion  of 
the  f l a m e  f o r  a j e t  of f in i te  width 2b 0 = 60 m m  of a 
u n i f o r m  m i x t u r e  of me thane  and a i r  ( a i r - f u e l  r a t i o  

= 1.87) with i n i t i a l  t e m p e r a t u r e  T O = 473* K and 
ve loc i ty  ul = 46 .5  m / s e e  into an  inf in i te  a c c o m p a -  
ny ing  s t r e a m  of f u rnace  g a s e s  having a ve loc i ty  of 
u 2 = 22 m / s e e  and a t e m p e r a t u r e  T m a x  = 1673" K, 
equal  to the  t h e o r e t i c a l  t e m p e r a t u r e  fo r  combus t ion  
of the  m i x t u r e  (ad iaba t i c  p r o b l e m ) .  

Using  the Vulis  h y p o t h e s i s ,  in addi t ion  to the  a s -  
sumpt ions  i nd i ca t ed  above ,  we wi l l  c a l c u l a t e  the 

X = Xin , 

Y=Y~, 

y =  Y~, 

Y=Yi" 

of the s y s t e m  of  equa t ions  
of the  o r i g i n a l  e n e r g y  equa-  

a e r o d y n a m i c  p a t t e r n .  The width of the  dynamic  bound-  
a r y  l a y e r  in the  in i t i a l  and m a i n  s e c t i o n s  was d e t e r -  
m i n e d  b y  A b r a m c v i c h ' s  wake f o r m u l a s  [6] with m < 
< 0 .35  (m = U2/U1) and coe f f i c i en t  of i n i t i a l  nonuni-  
f o r t u i t y  equa l  to 1. 

F o r  the  i n i t i a l  s e c t i on  

b,~ = ciax (1-- m)/( l + m), w h e r e  Cin~0.27. 

In the  m a i n  s e c t i on  

b~--~- 0.22x. 

The width of the t h e r m a l  l a y e r  in the i n i t i a l  and 
m a i n  s e c t i o n s  was a s s u m e d  f r o m  the condi t ion  tha t  
the  P r a n d t l  n u m b e r  a = 0 .75 .  The length  of the  in -  
i t i a l  d y n a m i c  sec t ion ,  and the a t t enua t ion  of  the  va l -  
ue of U a long  the ax i s  of the f low w e r e  c a l c u l a t e d  
f r o m  the  f o r m u l a s  [4] 

1 
xidn= cin(0.416 + 0,134m) ' 

V 1 4, (~) 
A U,,, = Cm ain(X- xo) A~(1--m) ' 

where 

q~(~)= 2 + 2 , 4 3 ~ + ~  2 2 ln(l-~-~), 

~=~/aAUm, Ix= m/(l~m). 

F o r  s i m p l i c i t y  the  t r a n s i t i o n  s e c t i on  was  exc luded  
f r o m  e xa mina t i on .  The  n o n l i n e a r  coe f f i c i en t s  Uj, Vj 
of the  s y s t e m  in the  d y n a m i c  b o u n d a r y  l a y e r  w e r e  
c o m p u t e d  a n a l y t i c a l l y  a c c o r d i n g  to the  r e l a t i o n s  ob -  
t a i n e d  b y  Vul is  e t  a l .  [4] in so lv ing  the equa t ions  of 
mo t ion  and cont inu i ty  fo r  an i m c o m p r e s s i b l e  f lu id  
wi th in  the  l i m i t s  of the  a s y m p t o t i c  l a y e r  fo r  a c c o m -  
pany ing  f lows,  

U 1 
'b-~-~ = m + ~- ( l+m)  I1+ q,(q~ +o.33) }, 

~+0, 33 

1 aUl(m__l) { ~ r V = y  
0 

w h e r e  ~(z)  i s  the  e r r o r  i n t e g r a l ,  ~ = y/ax. 
The hea t  l i b e r a t e d  f r o m  the c h e m i c a l  r e a c t i o n  was  

d e t e r m i n e d  f r o m  the equat ion 

H e r e  

C N Coil, T~a~-- T CH4 ~- 
Tm~ - -  To 

and the normal concentration of oxygen cN 2_ was found 
from stoiehiometric relations. The remaining quan- 
tities in the equation were taken from the data of [7]. 
The transition to the function relation was accom- 
plished with the aid of the implicit connection between 
the temperature T and the excess enthalpy flux J. Be- 
fore integration the system of differential equations 
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Fig. 1. Block diagram of the set-up for solving the 
equations of system (II) on the MN-7 machine: 1, 2, 
3, 4) nonlinearity units for reproducing the nonlinear 
functions Uj, J j - l ,  Jj-z, qW(Jj); 5) product Uj(Jj_ 1 - 
- Jj) unit; 6 ,  7, 8) d'~Jj/dy z, dJ /dy,  dy/dt  integrators,  

respectively; 9)adder ;  10, 11, 12)invertors.  
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Fig. 2. Variation of the flow parameters  in the cross  
section of the boundary layer of the initial thermal 
section xNT = 0.236 m at ~ = 7.87 (y in ram): 1) tem- 
perature T ( 'K ) ; 2 )  excess enthalpy J = (p)l/~cp~T 
( j /m 3/z. kgl/Z); 3) longitudinal component of effective 
velocity u (m/sec); 4) the group V = (p)l/Zu (kgl/Z/ 
/ m  1/2. sec); 5) amount of heat generated by the heat 

sources qW(J) (MJ/m ~ �9 sec). 
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V a r i a t i o n  o f  t h e  s t r e a m  p a r a m e t e r s  a l o n g  
t h e  f l a m e  a x i s :  1 )  t e m p e r a t u r e  T ( *  K ) ;  2 )  l o n g i t u -  
d i n a l  c o m p o n e n t  o f  e f f e c t i v e  v e l o c i t y  u ( m / s e c ) ;  3 )  
t h e  g r o u p  V = ( p ) l / Z u  ( k g l / 2 / m l / 2 " s e c ) ;  I )  b o u n d a r y  
o f  t h e  i n i t i a l  t h e r m a l  s e c t i o n ;  I I )  b o u n d a r y  o f  t h e  

f l a m e .  
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F i g .  4 .  C o n f i g u r a t i o n  o f  t h e  f l a m e ,  t e m p e r a t u r e  f i e l d s  
i n  a c c o m p a n y i n g  f l o w s ,  a n d  e d g e s  o f  t h e  b o u n d a r y  l a y e r  
i n  g e n e r a l i z e d  c o o r d i n a t e s :  1 )  o u t e r  e d g e  o f  t h e  t h e r m -  
a l  a n d  d y n a m i c  b o u n d a r y  l a y e r ;  2 )  i n n e r  e d g e  o f  t h e  
t h e r m a l  b o u n d a r y  l a y e r ;  3 )  i n n e r  e d g e  o f  t h e  d y n a m i c  
b o u n d a r y  l a y e r ;  4 )  t e m p e r a t u r e  c u r v e s ;  5 )  c o n f i g u r a -  

t i o n  o f  f l a m e .  
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(I1) was somewhat t ransformed.  Thus, due to consid- 
erations of the method and the peculiarit ies of opera-  
tion of the machine, we changed the direction of the 
axes x, y, and all the equations of the system were 
solved for the second derivative. In addition, for  s im-  
plicity of solution the term (3i_1 m 2J i + Ji+l)/A hS was 
replaced, at the expense of some inaccuracy,  by 
(Ji-2 - -  2]1-I + Ji) IA h~. 

The boundary conditions of the initial and main 
thermal sections were examined separately.  For  the 
initial section we took the initial conditions to be the 
values of J(T) at the outer and inner edges of the 
thermal boundary layer:  

J=Jm~x at y = b  r(x), 

J=Jo at y=O.  

For  the main section there is only one boundary 
condition, namely, the value of J(T) at the outer edge 
of the boundary layer.  

As the initial condition, we assumed a uniform dis-  
tribution of J along the y axis for each xj of the sec-  
tion where the combustion finished, since if it is sup- 
posed that the gas -a i r  mixture is ignited, then at any 
distance from the exit section of the burner ,  the tem- 
perature is equilibrated in the t ransverse  section and 
will be equal to the theoretical value. 

As has already been noted above, the quantities 
Uj, V~,Ji-1, l j_2  are nonlinearly dependent on y at a 
fixed value of x, while the term for heat generation 
of the chemical reaction qW is a function of J .  Con- 
version of these functions during integration of the 
differential equations of the system was carr ied  out 
by nonlinearity units. 

The MN-7 analog computer can model differential 
equations containing up to four nonlinear relations 
which arc  functions of a single variable or  of a prod- 
uct, while in the differential equations of sys tem (II) 
there are  five nonlinear relations and one product. 
Therefore,  an attachment was devised to allow the 
machine to include an additional nonlinearity unit; in 
addition, the function Vj was approximated with the 
aid of two amplifiers.  

The problem under examination was solved accord-  
ing to the block diagrams of Fig. 1, separately for 
the initial and main thermal sections, in the following 
sequence. The position of the initial section, in which 
the combustion process  finishes, is not known. There-  
fore the distribution of excess enthalpy flux (or tem-  
perature) in the main section was determined by a 
successive approximation method, using as boundary 
condition values of J on the axis at the end of the in- 
itial section. This method was as follows. We assign 
arbi t rar i ly  the position xl of the section with uniform 
distribution of Jmax, equal to the theoretical  excess 
enthalpy. Taking the step equal to 0.025 m, we find 
the excess enthalpy flux distribution in the section 
located 0. 025 m closer  to the burner ,  by integrating 
the f i rs t  equation of system (II) and assuming Jin-1 = 
= Jin, Integration was carr ied out according to the 
above block diagram, the value of the excess enthalpy 
flux on the axis of the main section being determined 

by tr ial  and e r r o r  (varying the value of J on the axis), 
using the other boundary condition--values of J at the 
outer edge of the boundary layer,  i . e . ,  the value of 
J on the axis was chosen in such a way that the other 
end of the curve of integration reached the assigned 
value of J at the outer edge. 

Having determined J1 =f(Y), we found the excess 
enthalpy flux distribution in the next section x 1 -- Ah, 
and so on, up to x = 0. 236 m (the end of the initial 
thermal section). If the value of J in the section x = 
= 0.236 m on the jet axis is equal to J0, then the po- 
sition of the section with uniform distribution of Jmax 
has been assumed correct ly;  if not, then another 
position of the initial section with J = Jmax is as-  
signed. 

The distribution of excess enthalpy flux in the 
boundary layer of the initial thermal  section is ob- 
tained directly, since the value of J at the internal 
and external boundaries i s  assigned. As the initial 
condition we took the distribution J = J(y) at the end 
of the initial thermal section, which was obtained 
f rom the solution of the main section. 

To confirm the validity of the results  of solution 
of system (II) and of the correc tness  of choice of the 
value of the coefficient s the equations of system 
(II) were also solved without thermal sources.  Com- 
parison of the results  of these solutions with the 
known curves of distribution of T along the y axis 
confirmed the validity of the solutions obtained. 

It is seen from Fig. 2 that the combustion process  
occurs  only in a small  part  of the section, 10-15mm,  
maximum heat re lease  of the internal sources being 
observed not at the maximum temperature,  but some- 
what below this, approximately at T = 1473 ~ K. It 
should be noted that the graph of distribution of the 
longitudinal component of the effective velocity has a 
sharply pronounced bulge. 

The curves presented in Fig. 3 are  of considerable 
interest .  It is character is t ic  that the curves of dis-  
tribution of temperature along the axis of the jet, as 
well as of the longitudinal component of the effective 
velocity, have a less steep r i se  than in the t ransverse  
section. 

The graphs of temperature distribution in t rans-  
verse  sections of the accompanying flows, and also 
the general configuration of the flame according to 
maximum heat re lease  are  given in Fig. 4. 

NOTATION 

u and v are  the longitudinal and t ransverse  com- 
ponents of the effective velocity; ~/is the specific 
weight; p is the density; Cp is the specific heat at 
constant pressure ;  AT, AC are the excess tempera-  
ture and concentration; ev and eT are the dynamic 
and thermal coefficients of turbulent t ransfer ;  R, E 
are  the gas constant and activation energy; q is the 
heat generation of chemical reactions; W" is the rate 

0 0 C ~ u ,  CA are  of chemical reaction; C~.i_~, c N ,  ~ 4  ~2 
the concentrations of methane an'd of oxygen, variable 
and initial, re fe r red  to normal  conditions; 2b 0 is the 
width of the jet; x d ,  x T are  the lengths of initial 
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dynamic and thermal  sections; bv, b T is the width 
of dynamic and the rmal  boundary layers ;  ~ is the 
a i r - fue l  ratio; i is the enthalpy. 
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